The cascade-shell model of turbulence with six real variables originated by Gledzer is studied numerically using Mathematica 5.1. Periodic, doubly-periodic and chaotic solutions and the routes to chaos via both frequency-locking and period-doubling are found by the Poincaré plot of the first mode v 1 . The circle map on the torus is well approximated by the summation of several sinusoidal functions. The dependence of the rotation number on the viscosity parameter is in accordance with that of the sine-circle map. The complicated bifurcation structure and the revival of a stable periodic solution at the smaller viscosity parameter in the present model indicates that the turbulent state may be very sensitive to the Reynolds number.
However, we switch the parameters chosen by OY, β = 1/2 and q = 2 in (4), (5) , k i and c 1,i , which do not satisfy (6) , model ling the 3D turbulence in the sense that the conservation law holds only for energy, not for enstrophy.
Assuming that the forces are applied only on the first and second modes f 1 = f 2 = 1 and f i = 0 for i ≥ 3, the equation for the total energy with the forcing and the viscosity becomeṡ
If we consider the sufficiently large values of v i such that |v i | > |f i |/(νk 2 i ) for the forced modes i = 1, 2, the right hand side becomes negative and the solution is proved to be finite. The present model deals with real variables and therefore it is possible to reduce the dimensions of the model to the half with the same extent of the wavenumber, compared with the GOY model.
Letting k 0 = 2 −4 , the model becomeṡ
The present model possesses a single parameter ν, changed between the range about 5 · 10 −2 - The Linux version of Mathematica 5.1 is used for the main part of the numerical integration. According to the manual of Mathematica, the general-purpose ODE solver developed by Hindmarsh (1983) 7 is adopted in the NDSolve command. The numerical solution is constructed checking its local convergence up to the machine precision of order 10 −16 . The weakest point is that it consumes large memory. The number of the modes is fixed as n = 6 in the main part of this study. The computer has 1GB memory, its CPU is AMD Athlon XP 2000+ and its operating system is Vine Linux 3.2. A Fortran program with the fourth-order Runge-Kutta scheme with a fixed time step is also coded to check the bifurcation diagram in Figure 2 and no inconsistency is found between results by Mathematica and Fortran.
The number N (n) of fixed points (FPs) of (8) The number of total FPs is shown in the above parenthesis; 3 for 0.05 > ν > 0.03483, 0.01167 > ν > 0.00967, 5 for 0.03482 > ν > 0.01168, 0.00968 > ν > 0.00791, 7 for 0.00790 > ν > 0.00355 and 9 for 0.00354 > ν. There is a tendency that as ν decreases, the number of real FPs increases. Figure 3 .
In order to examine the circle map of the quasi-periodic solution, the pair (v
1 is the n-th plotted value of v 1 and < · > denotes the time average. The points lie on a closed curve in the Poincaré section, showing the evidence of the doubly-periodic torus motion in the original 6D space. Denoting the 2π-normalized argument ofv
In many studies of the circle map, the sinusoidal function is considered, but strictly speaking, the function is likely to deviate from it in real chaos systems of ODEs. We seek an approximation of the circle map of the form
by applying the FindFit command of Mathematica to the numerically obtained data of the Poincaré plot with M = 10. Figures 4(a-c) show the dependence of K j (j = 1, · · · , M ) and Ω on the viscosity parameter. We observe the nonvanishing values of K 2 , K 4 , K 6 even at the onset of the stable torus; i.e. the second Hopf bifurcation.
The numerical computation of the rotation number ρ on the torus is also possible by counting the number N d of the decrease of θ n due to the modulus 1 in Eq. (9) . A naive numerical approximation is ρ = N d /N , where N is the number of the total Poicaré plot, denoted by small dots in Figure 5 . A more elaborate method uses the power spectrum of 
